The Kervaire Problem is an unsolved problem in Stable Homotopy Theory. The first interesting example is in dimension 30. There exists a closed stably-parallelizable manifoldM 30 with Arf-Kervaire invariant 1. It is unknown, if such a manifold exists in dimension 126? The goal of the paper is to recall the construction of the manifold M 30 and investigate its properties.
Kervaire Problem
Let f : M n−1 R n be an immersion of a closed, generally speaking, nonorientable manifold in the codimension 1, assumed n ≡ 4 (mod 2). Let us consider the self-intersection manifold of f , denote this manifold by N n−2 . Consider the characteristic class w 2 ∈ H 2 (N n−2 ; Z/2), denote the characteristic number < w n−2 2 2 ; [N n−2 ] >∈ Z/2 by Θ(f ). The most interesting case is n = 2 l − 2, l ∈ N, l ≥ 2.
Problem 1. Kervaire Problem Assume that n = 2 l − 2, l ≥ 2. For which l the following equation Θ(f ) = 1 for an immersion f : M n−1 R n is possible?
Generalized Kervaire Problem
Let g : M n−k R n be an immersion of a closed, generally speaking,nonoriented manifold of dimension n − k, where n ≡ 2 (mod 4), n > k. Denote by κ : M k RP ∞ a prescribed characteristic class. In the case n − k ≡ 1 (mod 2) the characteristic class κ is the oriented class over M n−k : κ = w 1 (M n−k ). The line bundle κ * (γ) (γ is the only non-trivial bundle over RP ∞ ) is re-denoted by κ for short. Assume that the following isomorphism Ψ : ν(g) ∼ = kκ is well-defined, where ν(g) is the normal bundle of g, kκ is the Whitney sum of k copies of the bundle κ. The triple (g, κ, Ψ) represents an element in the cobordism group Imm sf (n − k, k), for a detailed definition and elementary properties see [A-F] .
Assume that k = n 2 , define the characteristic number θ(g, κ, Ψ) ∈ Z/2 as the parity of self-intersection points of the immersion g (we assume that g is self-transversal). In fact, θ depends not of (κ, Ψ) and θ(g, κ, Ψ) = θ(g).
For given k − , k + , which satisfy the inequalities n > k + > n 2 −→ Imm sf ( n 2 , n 2 )
Definition 1. Denote the subgroup Im(J
). The 2-parameter family of subgroups determines the double filtration of the group Imm sf ( 
Proof of Proposition 1
Consider an immersion f : M n−1 Problem 3. Strong Kervaire Problem Assume n = 2 l − 1. For which l the element w n is halved? Theorem 1. Strong Kervaire Problem is positively solved (for n = 2 l+1 − 2 the element w n 2 is halved) iff Generalized Kervaire Problem for the term K n n 2 , n 2 −2 is positively solved.
Prof of Theorem 1
Denote n 2 by k for short. By the Pontryagin Theorem the element in the homotopy group π 2k−1 (S k ) is represented by a framed submanifold (P k−1 ; Ξ P ),
is represented by the Hopf link of the 2 standard framed spheres
Consider the standard internal embedding I 1 : S 2k−1 ⊂ R n , n = 2k and the concentric external embedding I 2 : S 2k−1 ⊂ R n . By the assumption w k is even, therefore there exists a framed submanifold (Q k−1 , Ξ Q ) in the internal sphere I 2 (S 2k−1 ), which is the union of 2 disjoint copies of a framed embedding. Define an skew-framed immersion of a non-oriented manifold g : N k ⊂ R n with the only self-intersection point inside the sphere I 1 (S 2k−1 ). The immersion g coincides with the Hopf link of the 2 standard framed spheres in the hypersphere I 1 (S 2k−1 ), and coincides with (Q k−1 , Ξ Q ) in the hypersphere I 1 (S 2k−1 ). In the exterior domain and in the middle domain R n \ {I 1 (S 2k−1 ) ∪ I 2 (S 2k−1 )} the immersion is a framed embedding. In the interior ball the immersion is given by the pair of disks with the self-intersection point in the center of the ball. In the middle domain the framed embedding is well-defined by the assumption that w n is halved, in the exterior domain the framed embedding is given by the cylinder, which is bounded by the two copies of embedded submanifold with opposite framings (and with the opposite orientation).
By construction, the oriented class κ N :
−2 , and θ(g) = 1. The opposite is true, an arbitrary element in K n n 2 , n 2 −2 is represented by a triple (g, κ N , Ψ N ), for which the characteristic class κ N is integer. It is easy to check, that in a regular cobordism class there exists a triple (g, κ N , Ψ N ), where g is as described: g(N k ) is divided by the spheres I 1 (S 2k−1 ), I 2 (S 2k−1 ) into 3 submanifolds with boundaries.
Theorem 1 is proved. Theorem 2. Assume that for a given n = 2 l+1 −2 Strong Kervaire Problem is positively solved (this means that the homomorphism θ :
→ Z/2 is onto). Then Kervaire Problem for n ′ = 2 l − 2 is positively solved (this means that the homomorphism Θ l : Imm sf (2 l − 3, 1) → Z/2 is onto). (Additionally, there exists an element of the order 2 in the stable homotopy group Π 2 l −2 of spheres, which is covered by Kahn-Priddy mapping δ : Imm sf (2 l − 3, 1) → Let us formulate the James Theorem [Jam] . Denote by V k,2 the Stiefel manifold V k,2 of 2-framed in R k ; the most interesting case is k = 2 l − 1, l ≥ 2. Denote by I : V k,2 → V k,2 the involution by the formula: {e 1 , e 2 } → {e 1 , −e 2 }.
Definition 2. Let us say that the manifold V k,2 is neutral, if the involution I is homotopic to the identity.
Theorem 3 (James Theorem). The manifold V k,2 , k = 2 l − 1, l ≥ 2 is neutral, iff the element w k ∈ π 2k−1 (S k ) is halved. This condition is equivalent to a positive solution of Strong Kervaire Problem for n = 2 l − 2 = k − 1.
Proof of Theorem 3
Theorem 22.6 p. 139-141 [J] .
Example 1. The manifold V k,2 is neutral for k = 7.
Proof of Example 1
Define a homotopy
, which is orthogonal to the base vector 1 ∈ R 8 . Let f 1 ∈ R 7 ⊂ R 8 be a base vector, which is orthogonal to the vector 1 = f 1 . Denote by L(f 1 ) the orthogonal complement to the vector f 1 in the subspace R 7 . By construction, e 2 ∈ (e 1 ) ⊥ . A one-parameter family of orthogonal transformation G(t, e 1 ) :
which transforms the subspace (e 1 ) ⊥ to itself, is well-defined by multiplication of vectors from (e 1 )
⊥ by the unite 1 cos(tπ) + e 1 sin(tπ). Denote by F (t, e 1 ) :
the transformation, which is the identity in the subspace generated by the vector e 1 and which coincides to G(t, e 1 ) on the subspace (e 1 ) ⊥ . The homotopy F (t, e 1 ) is required.
Remark
Example 1 could be interesting with respect to results [C-G-K-Sh]. The space V k,2 is the model of random closed k-gones on the plane with the total unite length of edges. The homotopy F (t) determines the transformation of the space of k-gones to itself, a gone is transformed to its mirror image. The normal bundle νK of the manifoldK 15 is isomorphic to the Whitney sum of an odd number s of copies of the line orienting bundle overK 15 , denote this orienting bundle byκ. We may assume that s = 15, because 2κ ∼ = 2ε over νK, the normal bundle can be replaced by νK ∼ = (15 − 2r)κ ⊕ 2rε.
An immersionφ :K
15
R 30 is well-defined, this immersion is skewframed byΨ : νφ ∼ = 15κ. Consider the standard 4-sheeted covering p :
, which is induced by the pair of coverings S 7 → RP 7 . The immersion ϕ is well-defined by the formula: ϕ =φ•p. A skew-framing Ψ is well-defined by the formula: Ψ = ϕ * (Ψ). The value θ(ϕ, κ, Ψ) is calculated as a parity of self-intersection points of the immersion ϕ =φ • p, which is generically deformed into R 30 by a small perturbation. Let us prove the formula θ(ϕ, κ, Ψ) = 1.
To calculate θ ∈ Z/2, we describe a self-intersection manifold of the (non-
, where
is the standard involution on the factors, x 1 , x 2 are points on the same factor in the (local) coordinates system
1 is a semi-direct product of a non-connected manifold L 14 1 with the circle. Obviously, after a regular generic perturbation ofφ • p, the component gives no contribution to the value θ.
The last component denote by N 15 , this component consists of points [(x 1 , x 2 ; y 1 , y 2 ], where x 1 = T x 2 , y 1 = T y 2 . The manifold is also a semidirect product of a 14-manifold, denoted by L 14 , with the circle S 1 . The characteristic class of the canonical coveringÑ
is isomorphic to the Whitney sum κ N ⊕ 14ε, where κ N is the linear bundle with the generator along the circle S 1 . To calculate Θ the following equation is required:
Describe explicitly the manifold N 15 and the submanifold L 14 ⊂ N 15 ; describe the projection π N :
14 are defined by two non-ordered pairs of points [(x 1 ; x 2 ; y 1 ; y 2 ], S 7 × S 7 , each point in the pair (y 1 , y 2 ) belongs to the sec-ond factor, and T (x 1 ) = x 2 , T (y 1 ) = y 2 . Describe the canonical covering
is the sum of the generators of the two factors. Alternatively, the same characteristic class is defined by the formula:
, where f : RP 7 × RP 7 → RP 7 is the mapping, determined by the formula: f (a; b) = a ⊙ b, where a, b are points on the corresponding factor RP 7 , ⊙ is the product in the Cally algebra. The manifold L 14 coincides with the 2-sheeted covering over 
This formula implies that the the mapping p : N 15 → RP 15 , which represents the class p N , satisfies the condition: deg(p) = 1 (mod 2).
The formula (3) is deduced from Lemma 1 below. 
The Jones Manifold
In the paper [J] a framed closed manifoldM 30 of dimension 30 with Arfinvariant 1 is constructed.
Definition of the quadratic form q : H 2k+1 (M 4k+2 ) → Z/2 for a framed 4k + 2-manifold Let (M 4k+2 , Ξ) be an arbitrary closed manifold with a prescribed trivialization of the stable normal bundle Ξ : νM ∼ = rε, r − 2 ≥ 4k + 2 = dim(M ). The framing Ξ determines up to regular concordance an immersion ϕ :
) be a homology class. By Thom Theorem and Whitney Theorem the class x is represented by an embedding l : K 2k+1 ⊂M 4k+2 , where K 2k+1 is a closed, generally speaking, non-oriented closed 2k + 1-manifold.
Consider the immersion ϕ • l :
. Define q(x, l) as the parity of self-intersection points of the immersion ϕ•l. The value q : H 2k+1 (M 4k+2 ; Z/2) → Z/2 depends only on x and depends not on the cycle l : K 2k+1 ⊂M 4k+2 , which represents x. The form q is quadratic and not degenerated, because this form is associated with the intersection of 2k + 1-cycles onM 4k+2 . Define the Arf-invariant of the form q by Arf (q) ∈ Z/2. It is not hard to how, that Arf (q) is well-defined and also is invariant with respect to framed surgery of the framed manifold (M 4k+2 , Ξ). By Pontryagin theorem Arf (q) determines a homomorphism Π 30 → Z/2.
Assume that the manifoldM 4k+2 is 2k − 1-connected and k ∼ = 3 (mod 4), 4k + 2 ≥ 22. In this case the definition of q : H 2k+1 (M 4k+2 ) → Z/2 coincides with a well-known definition from [Br] . Namely, assume that the homology class x is represented by an embedded sphere l : S 2k+1 ⊂ M 4k+2 , one define q(x) = 1, if the normal bundle ν(l) of the embedding l is non-trivial, and define q(x) = 0, if the normal bundle of l is trivial. Let us deduce this definition from the definition of q, given above. The normal bundle ν(l) is isomorphic to the normal bundle of the immersion ϕ • l : S 2k+1 R 4k+2 , the number of self-intersection points of this immersion is odd iff the bundle ν(l) is non-trivial.
Assume 4k + 2 = 30. Let us construct a stably parallelized manifoldM 30 , which is called the Jones Manifold [J] . Denote by P 2 the closed non-orientable surface of the Euler characteristic +3 (the connected sum of the projective plane and the torus). Consider an arbitrary embedding i P : P 2 ⊂ R 35 , denote by ν P the normal bundle of the embedding i P , dim(ν P ) = 33. Denote by ν 0 ⊂ ν P a trivial subbundle of the dimension 32, ν 0 ∼ = 32ε. Let us write ν P ∼ =ν P ⊕ν 0 , whereν P is the line orienting normal bundle over P . Decompose the fiber of the bundle ν 0 over the marked point pt ∈ P 2 into 4 blocks, denote the blocks by A, B, C, D, the each block is 8-dimensional.
Consider the decomposition of the surface P 2 ∼ = Q 2 ∪ S R 2 , where Q 2 is the projective plane with hole, R 2 is the torus with hole, the two surfaces Q 2 , R 2 are glued along the common boundary circle S. Denote by a ∈ H 1 (Q 2 ) the generator on the projective plane, by b 1 , b 2 ∈ H 1 (P 2 ) generators on the torus. Define a flat 4-bundle µ : E(µ) → P , the structure group of this bundle is given by the permutation of the 1 and 3 base vectors along the loop on Q 2 , represented a; by the permutation (1, 2)(3, 4) of the base vectors along the loop, represented b 1 ; and by the permutation (2, 3)(4, 1) of the base vectors along the loop, represented b 2 . The bundle µ has the dihedral structure group D, this group contains 8 elements, the formulas determine a representation µ : π 1 (P 2 ) → O(4). Consider the bundle 8µ, the Whitney sum of 8 copies of the bundle µ. The bundle 8µ over P 2 is trivial, therefore an isomorphism 8µ ∼ = ν 0 is well-defined, fibers of the bundle 8µ (in, particular, the fiber over the marked point pt ∈ P ) are decomposed into 8-bundles as follows:
Obviously, µ ∼ = ε ⊕μ, where dim(μ) = 3. It is not hard to prove, that w 1 (μ) ∈ H 1 (P 2 ) is dual to a, w 2 (μ) ∈ H 2 (P 2 ) represents the fundamental class on P 2 . Therefore we haveΞ :ν P ⊕μ ∼ = 4ε and Ξ :ν P ⊕ µ ∼ = 5ε. Let us consider the fiber A ⊕ B ⊕ C ⊕ D of the bundle ν 0 over the marked point pt ∈ P 2 and consider the Hopf immersion h : S E(8µ) into the total space of the bundle 8µ is well-defined. Because E(8µ) is diffeomorphic to the total space of the bundle ν 0 , the immersion f :M
30

R
35 is well-defined. Obviously, the normal bundle ν f of the immersion f is isomorphic to the Whitney sumν P ⊕ µ; by the isomorphism Ξ we get the trivial normal bundle ν f . The manifoldM 30 is framed and f is a framed immersion, which determines an element in Π 30 . Jones Manifold is well-defined.
Calculation of Hamiltonian base in the middle homology of the Jones Manifold
Let us prove that the vector space H 15 (M 30 ) is 8-dimensional, then determines the Hamiltonian base of this space with respect to the standard bilinear product. Take the marked point pt ∈ P 2 and marked the 7-cycles in the fiber (S 7 ) 4 of the projection p :M 30 → P 2 by A, B, C, D correspondingly with the subfibers of the vector bundle ν 0 . Cycles
by Ω for short. The punctured surface P 2 \ pt is homotopy equivalent to a bouquet of 3 circles:
, where the circles
are marked correspondingly to cycles in H 1 (P 2 ). Along the each circle a monodromy is well-defined:
The each monodromy admits 2-dimensional fixed subspace, to the complement of this subspace the monodromy is represented by a pair of permutations of base vectors.
We may take the denotations of the cycles, such that Analogously, the monodromy along b 2 is described.
Assume that 7-cycles A, C are invariant with respect to the monodromy θ a along a. Therefore, the cycles A×C, B ×D, A×B +A×D, C ×B +C ×D are invariant. The 2 pairs of cycles (A × B and A × C), (C × B) and C × D) are transposed by θ a .
This gives the dimension of the Z/2-vector space: dim H 15 (M 30 \ p −1 (U(pt))) = 12. Then let us calculate the dimension of the image of the homomorphism ∂ * : H 15 (∂U(pt)) → H 15 (M 30 \p −1 (U(pt))), which induced by the inclusion of the boundary into the manifold with boundary. It is not hard to prove that the image of this homomorphism is 4-dimensional. The dimension dim(H 15 (∂U(pt))) = 6, the 2 base cycles are in the kernel Ker(∂ * ′ as the corresponding cycle in the preimage of the curve ab 2 a −1 (this curve is embedded into P 2 ), which coincides with the product
Analogously, a Hamiltonian pair
′ is defined as a cycle in the preimage of the curve ab 2 a −1 , which coincides with the product A × B over pt. 
′ is trivial (the last formula for intersection coefficients are analogous). The curves ab 1 a −1 , ab 2 a −1 on P 2 intersects into 5 points (denote the intersection set by X). One of the point from X is the intersection point of the curves b 1 and b 2 , the last 4 points are intersection points of a regular neighborhood of the cycle with its parallel copy. By a direct consideration, in each intersection point self-intersection of cycles is canceled by a small deformation in the fibers over the intersection points.
The Hamiltonian base in H 15 (M 30 ) is well-defined.
Calculation of Arf-invariant of Jones Manifold
Let us calculate the quadratic form q for vectors in the Hamiltonian base of 7 Browder Theorem, Eccles Theorem, the positive solution of Kervaire Problem in dimension n = 30
An element α in the stable homotopy group of spheres Π 30 = π n+30 (S n , n ≥ 32, is represented by a framed manifold (M 30 , Ξ). By the Browder theorem [Br] a framed manifold (M 30 , Ξ) has Arf-invariant one iff the element α in Π 30 is detected by a secondary cohomological operation, which is based on the Adem relation in the Steenrod algebda:
By Eccles Theorem [Ecc] the element α is detected by the considered cohomology operation, iff the element β = λ * (α) ∈ π 29+n (Σ n (K(Z/2, 1))), which is associated with α by the Khan-Priddy mapping λ : QRP ∞ → Q(S 0 ), is detected by the operation Sq 16 in the cone of the mapping β using the generic cohomology class in H n+15 (Σ n (RP ∞ )). By Pontyagin-Thom-Wells Construction the element β is represented by an immersion f : M 29 R 30 in codimension 1 of a closed, generally speaking, non-orientable manifold. Moreover, the characteristic number Θ(f ) = 1, iff Sq 16 detectsβ. In the presented form the statement is used in [A-E] .
Because the Jones Manifold is a framed manifold of the Arf-invariant one, there exists an immersion F : M 39 R 30 with Θ(f ) = 1. Therefore Kervaire Problem is positively solved in dimension n = 30.
8 Eccles-Wood filtration. Estimation of the filtration for a standard Kervaire 30-manifold
The fundamental paper [K] is dedicated to applications of homotopy theory in differential topology. In this paper M.Kervaire constructed a closed 4-connected P L-manifold of dimension 10, which admits no smooth structure. To prove the theorem one has to estimate the Eccles-Wood filtration [Ecc1] for a standard Kervaire manifold. Let N n be a closed framed manifold (let us restrict to the case n ≡ 0 (mod 2)), with a prescribed trivialization of the stable normal bundle: Ξ : ν N ∼ = rε of a dimension r, r ≥ n + 2. One say that (N n , Ψ) admits the Eccles-Wood filtration, at least (k + , k − ), n > k + > n 2 ≥ k − > 0, if there exists an embedding N n ⊂ R 2n−k − with the normal vector field ψ of the dimension k + − k − (of the codimension n − k + ).
The following statement is equivalent to the theorem 4. 
Proof of Proposition 4
Assume, there exists an embedding f : N 30 ⊂ R 46 , for which the normal bundle ν f admits 14 linear independent sections. Prove that the immersion f cannot be an embedding. By the assumption, an isomorphism of the normal bundle ν f ∼ = η ⊕ 14ε, where η is a real 2-bundle, is well-defined. Because π 1 (N 30 ) = π 2 (N 30 ) = 0, the bundle η is a trivial bundle. Therefore a framed immersion (f, Ξ), Ξ : ν f ∼ = 16ε is well-defined. It is well-known, that the Arf-invariant for a framed manifold (N 30 , Ξ) ∈ Π 30 depends not on a framing [J-R] . Therefore for the framed immersion (f, Ξ) we get Arf (f, Ξ) = 1.
Let us consider a hyperprojection π : R 46 → R 45 and consider the mapping g = π • f , by the compression theorem [R-S] 
